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Abstract

B

Huimin Chang and Ping Jin, A new generalization of the McKay conjecture for
p-solvable groups, J. Algebra 694 (2026) 381-396.

Let P be a Sylow p-subgroup of a p-solvable group G, where p is a prime.

Given a normal p-series N of G, we introduce the notion of (N, p)-stable

irreducible characters of G.

We prove that G and Ng(P) have equal numbers of such characters, thus giving a

new generalization of the McKay conjecture for p-solvable groups.

Furthermore, we establish a canonical bijection between these characters in the
case where G has odd order. (We say that a set map is canonical if it is
unambiguously defined and is independent of whatever choices may have been

made in its construction.)

Our proofs depend heavily on the theory of self-stabilizing pairs founded by M.L.
Lewis, as well as some new results on w-special characters due to |.M. Isaacs and
G. Navarro.
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@ We will make use of new results on w-special characters developed by Isaacs and
Navarro, together with the theory of self-stabilizing pairs due to Lewis, to establish
a new character correspondence for p-solvable groups, thereby generalizing the

McKay conjecture.

@ I.M. Isaacs and G. Navarro, Characters of p’-degree of p-solvable groups, J. Algebra
246 (2001) 394-413.

@ M.L. Lewis, Obtaining nuclei from chains of normal subgroups, J. Alg. Appl. 5
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If H< G, then Ny = {HN N}, is a normal p-series of H, and we can define the
(N, p)-stability of irreducible characters of H.
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If H< G, then Ny = {HN N}, is a normal p-series of H, and we can define the
(N, p)-stability of irreducible characters of H. Thus 0 € Irr(H) is (Nu, p)-stable if
H N Ni; fixes an irreducible constituent of @y, , whenever N;/Nj_; is a p-group.
For natational convenience, we will always use Irr(H, \) instead of Irr(H, Nu).

Q@ Write Irri(H,N') = {0 € Irr(H,N')|0(1), = p'} for all i > 0; i.e. O has “p-level” i.
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If H< G, then Ny = {HN N}, is a normal p-series of H, and we can define the
(N, p)-stability of irreducible characters of H. Thus 0 € Irr(H) is (Nu, p)-stable if
H N Ni; fixes an irreducible constituent of @y, , whenever N;/Nj_; is a p-group.
For natational convenience, we will always use Irr(H, \) instead of Irr(H, Nu).
Write Irri(H,N') = {6 € Irr(H,N)|0(1), = p'} for all i > 0; i.e. 6 has “p-level” i.
In this way, we have defined the N-grading on (N, p)-stable characters.

© o
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4) | lrr(G,N)| = | Irr(Ng(P), N)|.

5) For i >0, Irry(G, N) is nonempty iff p' = a(1) for some o € lrr(P, N).
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Theorem A (Chang-J)
Let G, P and N be as above. Then the following hold.

(1) Irro(G, V) = lIrry (G) and Irrg(Ng(P), N') = lIrry (NG(P)).

(2) [rri( G,N)| = | Irri(Ng(P), N)| for all i > 0, thus generalizing the McKay conjecture.
(3) Irr(G,N) = I—IiZO Irri( G, N) and Irr(Ng(P),N') = I—liZO Irri(Ng(P), N).

(4) [Irr(G, )| = [Irr(N6(P), M.

(5)

5) For i >0, Irry(G, N) is nonempty iff p' = a(1) for some o € lrr(P, N).

We note that Theorem A implies the strong form of the McKay conjecture for
p-solvable groups, yet its proof is essentially the same one established by Isaacs and
Navarro.
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@ In the situation of Theorem A, for each i > 0 there is no canonical bijection from
Irri(G,N) onto Irr(Ng(P),N) in general, as indicated by G = GL(2,3) with p=3
and i=0.
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@ In the situation of Theorem A, for each i > 0 there is no canonical bijection from
Irri(G,N) onto Irr(Ng(P),N) in general, as indicated by G = GL(2,3) with p=3
and i = 0. Recall that Irro(G,N) = Irry (G) and Irrg(Ng(P), N') = Irry (N6(P)).

@ If G has odd order, however, a canonical bijection does exist between Irr,/(G) and

Irry (NG(P)) by a theorem of Isaacs in 1973.

© We can establish the same result for any positive integer i.
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Theorem B (Chang-J)

Let G be a solvable group of odd order, and let P € Sylp(G). Suppose that N is a
normal p-series of G. Then the following hold.
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@ In the situation of Theorem A, for each i > 0 there is no canonical bijection from
Irri(G,N) onto Irr(Ng(P),N) in general, as indicated by G = GL(2,3) with p=3
and i = 0. Recall that Irro(G,N) = Irry (G) and Irrg(Ng(P), N') = Irry (N6(P)).

@ If G has odd order, however, a canonical bijection does exist between Irr,/(G) and

Irry (NG(P)) by a theorem of Isaacs in 1973.

© We can establish the same result for any positive integer i.

Theorem B (Chang-J)

Let G be a solvable group of odd order, and let P € Sylp(G). Suppose that N is a
normal p-series of G. Then the following hold.
(1) There is a canonical bijection from Irr(G, N') onto Irr(Ng(P), N).
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@ If G has odd order, however, a canonical bijection does exist between Irr,/(G) and

Irry (NG(P)) by a theorem of Isaacs in 1973.

© We can establish the same result for any positive integer i.

Theorem B (Chang-J)

Let G be a solvable group of odd order, and let P € Sylp(G). Suppose that N is a
normal p-series of G. Then the following hold.

(1) There is a canonical bijection from Irr(G, N') onto Irr(Ng(P), N).

(2) If € € lrr(NG(P), N) is the image of x € lrr(G, N') under this map, then & is a
constituent of xn.(p) and &(1) divides x(1).
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@ In the situation of Theorem A, for each i > 0 there is no canonical bijection from
Irri(G,N) onto Irr(Ng(P),N) in general, as indicated by G = GL(2,3) with p=3

and i = 0. Recall that Irro(G,N) = Irry (G) and Irrg(Ng(P), N') = Irry (N6(P)).

@ If G has odd order, however, a canonical bijection does exist between Irr,/(G) and

Irry (NG(P)) by a theorem of Isaacs in 1973.

© We can establish the same result for any positive integer i.

Theorem B (Chang-J)

Let G be a solvable group of odd order, and let P € Sylp(G). Suppose that N is a
normal p-series of G. Then the following hold.

(1) There is a canonical bijection from Irr(G, N') onto Irr(Ng(P), N).

(2) If € € lrr(NG(P), N) is the image of x € lrr(G, N') under this map, then & is a
constituent of xn.(p) and &(1) divides x(1).

(3) For each i > 0, the bijection maps Irri(G,N') onto Irri(Ng(P), '), and thus defines a

canonical bijection between these two sets.
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@ Our method is heavily influenced by the work of Isaacs and Navarro.
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@ Given P € Syl (G), where G is p-solvable, Isaacs and Navarro constructed a map
W : Lin(P) — Irr(G)

such that each linear character \ of P is associated with a subset of Irr(G), which

we denote by Irry(G) for convenience.
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Let A C Lin(P) be a set of representatives of Ng(P)-orbits. Then the following hold.
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W : Lin(P) — Irr(G)

such that each linear character \ of P is associated with a subset of Irr(G), which
we denote by Irry(G) for convenience.
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Theorem (Isaacs-Navarro)

Let A C Lin(P) be a set of representatives of Ng(P)-orbits. Then the following hold.
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@ Our method is heavily influenced by the work of Isaacs and Navarro.
@ Given P € Syl (G), where G is p-solvable, Isaacs and Navarro constructed a map
W : Lin(P) — Irr(G)

such that each linear character \ of P is associated with a subset of Irr(G), which
we denote by Irry(G) for convenience.

© They established the strong form of the McKay conjecture as follows.

Theorem (Isaacs-Navarro)

Let A C Lin(P) be a set of representatives of Ng(P)-orbits. Then the following hold.
(1) Irrp (G) = yen Irra(G).
(2) Iy (N6(P)) = Lxea IM(Ne(P)[A).
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The map V

@ Our method is heavily influenced by the work of Isaacs and Navarro.
@ Given P € Syl (G), where G is p-solvable, Isaacs and Navarro constructed a map
W : Lin(P) — Irr(G)

such that each linear character \ of P is associated with a subset of Irr(G), which
we denote by Irry(G) for convenience.

© They established the strong form of the McKay conjecture as follows.

Theorem (Isaacs-Navarro)

Let A C Lin(P) be a set of representatives of Ng(P)-orbits. Then the following hold.
(1) Irry (G) = |_|>\EA Irra(G).

(2) Irryr (N6(P)) = Lsea Irr(NG(P)IA).

(3) [lrra(G)| = | Irr(Ng(P)|N)| for all X € Lin(P), so that |Irry (G)| = |Irry (N6(P))].
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The map V

@ Our method is heavily influenced by the work of Isaacs and Navarro.
@ Given P € Syl (G), where G is p-solvable, Isaacs and Navarro constructed a map
W : Lin(P) — Irr(G)

such that each linear character \ of P is associated with a subset of Irr(G), which
we denote by Irry(G) for convenience.

© They established the strong form of the McKay conjecture as follows.

Theorem (Isaacs-Navarro)

Let A C Lin(P) be a set of representatives of Ng(P)-orbits. Then the following hold.
(1) Irry (G) = |_|>\EA Irra(G).

(2) Irryr (N6(P)) = Lsea Irr(NG(P)IA).

(3) [lrra(G)| = | Irr(Ng(P)|N)| for all X € Lin(P), so that |Irry (G)| = |Irry (N6(P))].

@ I.M. Isaacs and G. Navarro, Characters of p’-degree of p-solvable groups, J. Algebra
246 (2001) 394-413.
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Main results (3)

@ In order to prove our Theorems A and B, we need to extend the definition of the
map W : Lin(P) — Irr(G). Recall that G is p-solvable and P € Syl (G).
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@ By a theorem of Isaacs and Navarro, we know that each a € Irr(P) uniquely
determines a pair (W, ), where W is the unique largest subgroup G to which «

extends and + is the unique p-special extension of o to W.
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@ By a theorem of Isaacs and Navarro, we know that each a € Irr(P) uniquely
determines a pair (W, ), where W is the unique largest subgroup G to which «
extends and + is the unique p-special extension of o to W.

In this situation, we obtain an extended map, still denoted by W, i.e.

W Irr(P) — Char(G), o~ ~°.

For convenience, we say that W is the standard map associated with P.
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Main results (3)

o

(2]

In order to prove our Theorems A and B, we need to extend the definition of the
map W : Lin(P) — Irr(G). Recall that G is p-solvable and P € Syl (G).

By a theorem of Isaacs and Navarro, we know that each « € Irr(P) uniquely
determines a pair (W, ), where W is the unique largest subgroup G to which «

extends and + is the unique p-special extension of o to W.

In this situation, we obtain an extended map, still denoted by W, i.e.
W Irr(P) — Char(G), o~ ~°.

For convenience, we say that W is the standard map associated with P.

Recall that for any finite group G and any set 7 of primes, a character x € Irr(G)
is said to be m-special if x(1) is a m-number and the determinantal order o(#) of ¢
is also a m-number for every irreducible constituent 8 of the restriction xs for every
subnormal subgroup S of G.
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Main results (3)

@ In order to prove our Theorems A and B, we need to extend the definition of the
map W : Lin(P) — Irr(G). Recall that G is p-solvable and P € Syl (G).

@ By a theorem of Isaacs and Navarro, we know that each a € Irr(P) uniquely
determines a pair (W, ), where W is the unique largest subgroup G to which «

extends and + is the unique p-special extension of o to W.

In this situation, we obtain an extended map, still denoted by W, i.e.
W Irr(P) — Char(G), o~ ~°.

For convenience, we say that W is the standard map associated with P.

© Recall that for any finite group G and any set 7 of primes, a character x € Irr(G)
is said to be m-special if x(1) is a m-number and the determinantal order o(#) of ¢
is also a m-number for every irreducible constituent 8 of the restriction xs for every
subnormal subgroup S of G.

@ We can thus define p-special and p'-special characters of G.

P. Jin (Shanxi University) A generalization of the McKay conjecture SUSTech  May 26, 2026 9/11



P. Jin (Shanxi University) A generalization of the McKay conjecture SUSTech May 26, 2



The following is crucial for the proofs of Theorems A and B.

Theorem C (Chan

P. Jin (Shanxi University) A generalization of the McKay conjecture SUSTech May 26



The following is crucial for the proofs of Theorems A and B.

Theorem C (Chang-J)

Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.
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Theorem C (Chang-J)

Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.
(1) If a € Irr(P,N), then V(a) € Irr(G).
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Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.

(1) If a € Irr(P,N), then V(a) € Irr(G).

(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.
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Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.

(1) If a € Irr(P,N), then V(a) € Irr(G).

(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a

extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines

an injection from the set of p'-special characters of W into Irr(G).
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(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a

extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines
an injection from the set of p'-special characters of W into Irr(G).

Write Irro(G) for the image of this injection, i.e.,
Irro(G) = {(76)€| 6 is a p'-special character of W},

so that Irro (G) C Irr(G).
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(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a

extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines
an injection from the set of p'-special characters of W into Irr(G).

Write Irro(G) for the image of this injection, i.e.,
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Theorem C (Chang-J)

Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.

(1) If a € Irr(P,N), then V(a) € Irr(G).

(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a

extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines
an injection from the set of p'-special characters of W into Irr(G).

Write Irro(G) for the image of this injection, i.e.,
Irro(G) = {(76)€| 6 is a p'-special character of W},

so that Irro(G) C lrr(G). Also, if x € lrro(G), then x(1), = a(1).
(4) If a, B € Irr(P,N), then Irro(G) = Irrg(G) iff v and B are Ng(P)-conjugate, and
otherwise, Irro(G) and lrrg(G) are disjoint.
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Theorem C (Chang-J)

Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.

(1) If a € Irr(P,N), then V(a) € Irr(G).

(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a
extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines
an injection from the set of p'-special characters of W into Irr(G).

Write Irro(G) for the image of this injection, i.e.,
Irro(G) = {(76)€| 6 is a p'-special character of W},

so that Irro(G) C lrr(G). Also, if x € lrro(G), then x(1), = a(1).

(4) If a, B € Irr(P,N), then Irro(G) = Irrg(G) iff v and B are Ng(P)-conjugate, and
otherwise, Irro(G) and lrrg(G) are disjoint.

(5) If a € Irr(P,N), then |Irro(G)| = | Irr(Ng(P)|)|-
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Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.

(1) If a € Irr(P,N), then V(a) € Irr(G).

(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a

extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines
an injection from the set of p'-special characters of W into Irr(G).

Write Irro(G) for the image of this injection, i.e.,
Irro(G) = {(76)€| 6 is a p'-special character of W},

so that Irro(G) C lrr(G). Also, if x € lrro(G), then x(1), = a(1).

(4) If a, B € Irr(P,N), then Irro(G) = Irrg(G) iff v and B are Ng(P)-conjugate, and
otherwise, Irro(G) and lrrg(G) are disjoint.

(5) If a € Irr(P,N), then |Irro(G)| = | Irr(Ng(P)|)|-

(6) Irr(G,N) = Irra(G), where o runs over Irr(P, N).
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Let W : Irr(P) — Char(G) be the standard map defined as above. For any normal
p-series N of G, the following then hold.

(1) If a € Irr(P,N), then V(a) € Irr(G).

(2) If a, B € lrr(P,N), then V(o)) = W(B) iff o and 3 are Ng(P)-conjugate.

(3) For each a € Irr(P,N'), let W be the unique largest subgroup of G to which a

extends and let vy be the unique p-special extension of a to W. Then 6 — (fyé)G defines
an injection from the set of p'-special characters of W into Irr(G).

Write Irro(G) for the image of this injection, i.e.,
Irro(G) = {(76)€| 6 is a p'-special character of W},

so that Irro(G) C lrr(G). Also, if x € lrro(G), then x(1), = a(1).
(4) If a, B € Irr(P,N), then Irro(G) = Irrg(G) iff v and B are Ng(P)-conjugate, and
otherwise, Irro(G) and lrrg(G) are disjoint.

(5) If a € Irr(P,N), then |Irro(G)| = | Irr(Ng(P)|)|-
(6) Irr(G,N) = Irra(G), where o runs over Irr(P, N).
(7) Irr(Ng(P),N) = U Irr(Ng(P)|cr), where o runs over lrr(P, N').
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